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Abstract

3-phase Golay sequence and array triads are a natural generalisation of 2-phase
Golay sequence pairs, yet their study has until now been largely neglected. We present
exhaustive search results for 3-phase Golay sequence triads for all lengths up to 24,
showing that the existence pattern is much richer than that for 2-phase Golay sequence
pairs. We give an elementary proof that there is no 3-phase Golay sequence triad whose
length is congruent to 4 modulo 6. We give two construction methods for 3-phase Golay
array triads, and show how to project 3-phase Golay array triads to lower-dimensional
Golay triads. In this way we explain much of the existence pattern found by exhaustive
search.

1 Introduction

Golay sequence pairs were introduced by Golay in 1951 to solve a problem in multislit
spectrometry [11] and have since been applied in various digital communcations schemes,
including coded aperture imaging [17], optical time domain reflectometry [15], power con-
trol for multicarrier wireless transmission [5], and medical ultrasound [16]. They are related
to Barker sequences [13] and Reed-Muller codes [5].

We consider a length s sequence to be an 1-dimensional matrix A = (Ai) of complex-
valued entries, indexed by an integer i, for which

Ai = 0 if either i < 0 or i ≥ s.
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The aperiodic autocorrelation function of A = (Ai) is

CA(u) =
∑
i

AiAi+u for integers u,

where bar represents complex conjugation. A 2-phase Golay sequence pair comprises
length s sequences A = (Ai) and B = (Bi) whose elements lie in the alphabet {1,−1},
satisfying (

CA + CB
)
(u) = 0 for all u 6= 0. (1.1)

Golay sequence pairs have been constructed for all lengths s of the form 2a10b26c, where
a, b, c are non-negative integers [21], but no examples are known for other lengths. In
view of the wide range of potential applications for such sequences, the definition of Golay
sequence pairs has been extended in various ways: from the 2-phase alphabet {1,−1} to
the H-phase alphabet (comprising the Hth roots of unity) for even H [4, 5, 8, 18], and to
quadrature amplitude modulation constellations [3, 19]; from sequence pairs to sequence
sets of even size greater than 2 [18, 20]; and from sequences to arrays of dimension 2 or
greater [6, 7, 14, 17].

Nonetheless, there is a natural generalisation of 2-phase Golay sequence pairs that,
with the exception of a brief study by Frank [9] in 1980, appears to have been largely
neglected: from the 2-phase alphabet {1,−1} to the 3-phase alphabet {1, ω, ω2} where
ω = e2πi/3, and simultaneously from sequence pairs to sequence triads (sets of size 3). The
3-phase alphabet is attractive for applications, because the small number of phases allows
the received signal levels to be easily distinguished at the receiver. The related question of
the existence of 3-phase Barker arrays was considered in [2].

We shall consider the following questions theoretically and computationally, summaris-
ing and extending results contained in the 2008 Master’s thesis of the first author [1]:

1. For which lengths s do 3-phase Golay sequence triads exist?

2. How many 3-phase length s Golay sequence triads are there?

3. How are 3-phase Golay array triads related to 3-phase Golay sequence triads?

4. How can 3-phase Golay sequence and array triads be constructed?

Frank [9] gave an example of a 3-phase Golay sequence triad of length 3 and one of
length 5, and presented a construction for a 3-phase length 3s Golay sequence triad from
one of length s. Some of the other constructions described in [9] can be applied to 3-phase
Golay sequence triads, but in general they produce sequences over larger alphabets such
as 6-phase or 12-phase.

We shall show in Theorem 10 that the projection to lower dimensions of a multi-
dimensional 3-phase Golay array triad is also a 3-phase Golay triad, so that a higher-
dimensional Golay array triad can be considered a more fundamental object than its lower-
dimensional projections; this parallels the central argument of [7] for Golay pairs. Our

2



main construction method for Golay array triads is Theorem 13, which modifies Frank’s
construction [9] for Golay sequence triads to produce an (r + 1)-dimensional Golay array
triad from an r-dimensional Golay array triad.

The rest of this paper is organised as follows. In Section 2, we establish structural
properties of 3-phase Golay sequence triads, and in Table 1 present counts of 3-phase
length s Golay sequence triads obtained from exhaustive search for each s ≤ 24. In
Section 3, motivated by computational evidence, we give an elementary proof that there is
no 3-phase length s Golay sequence triad when s ≡ 4 (mod 6). In Section 4, we introduce
3-phase Golay array triads and show how they can be projected to 3-phase Golay array
triads in one fewer dimension, deducing counts of 3-phase Golay array triads in Table 2
from those for sequence triads given in Table 1. In Section 5, we present two constructions
of 3-phase Golay array triads, and apply them to a small set of seed triads to explain the
existence of many of the triads counted in Tables 1 and 2. In Section 6, we pose some open
questions motivated by our results. In the Appendix, we explicitly list some of the Golay
sequence and array triads whose existence we were not able to explain.

2 Golay sequence triads

In this section, we establish structural properties of 3-phase Golay sequence triads and
present exhaustive search results for each length up to 24.

Throughout, let ω = e2πi/3. A length s sequence (Ai) is a 3-phase sequence if all
elements of the set {Ai | 0 ≤ i < s} take values in {1, ω, ω2}. An unordered set of three
3-phase length s sequences {A,B, C} is a Golay sequence triad if(

CA + CB + CC
)
(u) = 0 for all u 6= 0. (2.1)

It is sufficient to verify (2.1) for the integers u satisfying 0 < u < s, because every complex-
valued sequence A satisfies CA(−u) = CA(u) for all integers u.

A 3-phase length s sequence (Ai) corresponds to a length s sequence (ai) over Z3, where

Ai = ωai for each i satisfying 0 ≤ i < s.

The aperiodic autocorrelation function of a sequence over Z3 is that of the corresponding
3-phase sequence.

Example 1. The sequences

A = (Ai) =
[
1 ω2 1 1 ω2 1

]
,

B = (Bi) =
[
1 ω ω2 ω2 ω2 ω

]
,

C = (Ci) =
[
1 ω ω ω 1 ω2

]
,
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satisfy (
CA(u) | 0 ≤ u < 6

)
=
[
6 −1 1 3 −1 1

]
,(

CB(u) | 0 ≤ u < 6
)

=
[
6 −ω ω ω − 1 −ω2 ω2

]
,(

CC(u) | 0 ≤ u < 6
)

=
[
6 −ω2 ω2 ω2 − 1 −ω ω

]
,

and therefore comprise a 3-phase length 6 Golay sequence triad. The corresponding se-
quences over Z3 are (ai) =

[
0 2 0 0 2 0

]
, (bi) =

[
0 1 2 2 2 1

]
, (ci) =[

0 1 1 1 0 2
]
.

We will use upper-case letters for 3-phase sequences (“multiplicative notation”), and
lower-case letters for sequences over Z3 (“additive notation”); the same letter (for example
A and a) will indicate corresponding sequences. We will switch between multiplicative and
additive notation as convenient.

Suppose that {(ai), (bi), (ci)} is a length s Golay sequence triad over Z3. Since the
sequences (xi) and (xi + 1) over Z3 have identical aperiodic autocorrelation function, each
of the 33 unordered sets

{
(ai+α), (bi+β), (ci+γ)

}
is also a Golay sequence triad over Z3,

as α, β, γ range over {0, 1, 2}. We may therefore assume that

(a0, b0, c0) = (0, 0, 0),

in which case the Golay sequence triad is in normalised form. Condition (2.1) with u = s−1
then forces {as−1, bs−1, cs−1} = {0, 1, 2}, which implies there are exactly 3! ordered Golay
sequence triads corresponding to each (unordered) Golay sequence triad.

The next result follows directly from the definition of aperiodic autocorrelation function
and Golay sequence triad.

Lemma 2.

(i) (Linear Offsets). Suppose that {(ai), (bi), (ci)} is a length s Golay sequence triad
over Z3. Then {

(ai + ei), (bi + ei), (ci + ei)
}

is also a length s Golay sequence triad over Z3 for each e ∈ Z3.

(ii) (Reversal). Suppose that {(ai), (bi), (ci)} is a length s Golay sequence triad over Z3.
Then

{(as−1−i), (bs−1−i), (cs−1−i)}

is also a length s Golay sequence triad over Z3.

(iii) (Reverse Conjugation). Let (xi) be a length s sequence over Z3. Then the length s
sequence (2xs−1−i) over Z3 has identical aperiodic autocorrelation function to (xi).
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Suppose that T is a length s Golay sequence triad over Z3. By Lemma 2 (iii), when
one sequence (xi) of T is replaced by the length s sequence (2xs−1−i), the resulting set
is also a length s Golay sequence triad over Z3. We say that the Golay sequence triads
over Z3 obtained from T by applying one or more of the operations described in Lemma 2,
and then taking the normalised form, are all equivalent to T . The size of the equivalence
class of a normalised Golay sequence triad divides 3 ·2 ·23 = 48. We take the representative
of the equivalence class to be its lexicographically first member. For example, there are
exactly three equivalence classes of length 5 Golay sequence triads over Z3, each of size 24,
and their equivalence class representatives are{ [

0 0 0 1 0
]
,
[
0 1 2 2 1

]
,
[
0 0 2 1 2

] }
,{ [

0 0 1 0 0
]
,
[
0 0 1 2 1

]
,
[
0 0 2 1 2

] }
,{ [

0 0 1 1 0
]
,
[
0 0 1 2 1

]
,
[
0 0 2 0 2

] }
.

Golay [12] showed that the elements of a 2-phase length sGolay sequence pair {(Ai), (Bi)}
are related by

AiBi = −As−1−iBs−1−i for each i satisfying 0 ≤ i < s.

We next derive a counterpart relationship for the elements of a 3-phase Golay sequence
triad.

Proposition 3. Suppose that {(Ai), (Bi), (Ci)} is a 3-phase length s Golay sequence triad.
Then

AiBiCi = As−1−iBs−1−iCs−1−i for each i satisfying 0 ≤ i < s.

Proof. Let u satisfy 0 < u < s. We are given that

s−1−u∑
i=0

(
AiAi+u +BiBi+u + CiCi+u

)
= 0,

so the multiset of 3(s − u) summands above contains each of 1, ω and ω2 exactly s − u
times. The product of these summands is therefore

s−1−u∏
i=0

(AiAi+u)(BiBi+u)(CiCi+u) = 1s−uωs−u(ω2)s−u = 1,

which implies that
s−1−u∏
i=0

AiBiCi =

s−1∏
i=u

AiBiCi.

Since this holds for each u satisfying 0 < u < s, the required result follows by induction
on decreasing u ≤ s− 1.
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The property of a length s Golay sequence triad {(ai), (bi), (ci)} over Z3 corresponding
to Proposition 3 is

ai + bi + ci ≡ as−1−i + bs−1−i + cs−1−i (mod 3) for each i satisfying 0 ≤ i < s. (2.2)

We use this property to determine by exhaustive search the equivalence classes of length s
Golay sequence triads {(ai), (bi), (ci)} over Z3 for each s ≤ 24. We begin by fixing
the outermost elements of the sequences of the triad: the normalisation condition gives
(a0, b0, c0) = (0, 0, 0), and we may then assume from the autocorrelation condition u = s−1
of (2.1) that (as−1, bs−1, cs−1) = (0, 1, 2). For each value of i in {1, 2, . . . , b s−12 c} taken in
ascending order, we then recursively select all values of the outermost undetermined se-
quence elements {ai, bi, ci, as−1−i, bs−1−i, cs−1−i} that are consistent with both property
(2.2) and the autocorrelation condition u = s − 1 − i of (2.1). We finally collect the
resulting Golay sequence triads into equivalence classes and retain only the representa-
tive of each equivalence class. (Since just the representative of each equivalence class is
required, the search space can be further reduced: for example, by taking the leftmost
nonzero entry of the subsequence (a0, a1, . . . , ai) to be 1, and discarding search branches
where this subsequence occurs lexicographically after the reverse conjugated subsequence
(2as−1, 2as−2, . . . , 2as−1−i).) Table 1 shows the resulting counts of equivalence classes of
Golay sequence triads, and of normalised Golay sequence triads. The existence pattern
for 3-phase Golay sequence triads appears to be much richer than that for 2-phase Golay
sequence pairs: within the range 1 ≤ s ≤ 24, a 2-phase length s Golay sequence pair exists
only for s ∈ {2, 4, 8, 10, 16, 20} [21], whereas a 3-phase length s Golay sequence triad exists
for all s 6∈ {4, 10, 16, 22}.

We call a sequence belonging to one or more 3-phase Golay sequence triads (not neces-
sarily in normalised form) a 3-phase Golay sequence. For example, each of the sequences
A,B, C in Example 1 is a 3-phase length 6 Golay sequence. The first author discussed the
use of 3-phase Golay sequences in an orthogonal frequency division multiplexing (OFDM)
multicarrier transmission scheme, using their favourable peak-to-mean envelope power ra-
tio properties to formulate an alternative exhaustive search algorithm for Golay sequence
triads [1, Chap. 4] to the one described above. Since the transmission rate of an OFDM
scheme using 3-phase Golay sequences increases with the number of Golay sequences of a
given length, Table 1 also displays counts of Golay sequences.

3 Nonexistence result for s ≡ 4 (mod 6)

A striking feature of Table 1 is that there are no 3-phase Golay sequence triads of length
4, 10, 16, and 22. In this section, we explain this observation by proving the following
theorem.

Theorem 4. There is no 3-phase length s Golay sequence triad when s ≡ 4 (mod 6).
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Sequence # equivalence classes # normalised # Golay
length size size size size size Total sequence sequences

1 8 16 24 48 triads

2 1 1 1 9
3 1 1 2 9 27
4 0 0 0
5 3 3 72 108
6 3 3 4 10 168 288
7 8 9 17 624 792
8 1 3 4 168 306
9 15 33 25 32 105 2784 3708

10 0 0 0
11 14 50 64 2736 4932
12 7 7 336 756
13 16 48 64 2688 5850
14 23 68 91 3816 8334
15 36 306 51 126 519 12456 27576
16 0 0 0
17 10 15 25 960 2160
18 84 714 184 503 1485 40656 89532
19 6 11 17 672 1458
20 10 10 480 1080
21 84 2766 88 1007 3945 95376 202932
22 0 0 0
23 2 2 48 108
24 12 750 16 247 1025 24336 54756

Table 1: Counts of 3-phase length s Golay sequence triads, for each s ≤ 24

Let A = (Ai) be a length s sequence. The periodic autocorrelation function of A is

RA(u) =
s−1∑
i=0

AiA(i+u) mod s for 0 ≤ u < s,

so that
RA(u) = CA(u) + CA(s− u) for 0 < u < s (3.1)

by the definition of aperiodic autocorrelation. An unordered set of three 3-phase length s
sequences {A,B, C} is a periodic Golay sequence triad if(

RA +RB +RC
)
(u) = 0 for all u satisfying 0 < u < s.
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From (3.1), the sequences of a Golay sequence triad also form a periodic Golay sequence
triad of the same length.

Now we cannot prove Theorem 4 by attempting to rule out the existence of a 3-phase
periodic Golay sequence triad of length congruent to 4 modulo 6: for example, the sequence
set { [

1 1 ω ω
]
,
[
1 1 ω ω

]
,
[
1 ω 1 ω

] }
.

is a periodic length 4 Golay sequence triad. However, we can constrain the elements of a
3-phase periodic Golay sequence triad as follows, which in combination with Proposition 3
will immediately prove Theorem 4.

Proposition 5. Suppose that {(Ai), (Bi), (Ci)} is a 3-phase length 2m periodic Golay
sequence triad, where m ≡ 2 (mod 3). Then exactly two of the following three equations
hold:

m−1∏
i=0

A2i =
m−1∏
i=0

A2i+1,
m−1∏
i=0

B2i =
m−1∏
i=0

B2i+1,
m−1∏
i=0

C2i =
m−1∏
i=0

C2i+1.

Proof. Let A = (Ai), B = (Bi), C = (Ci). We shall examine the value of S mod 9, where

S =

∣∣∣∣ 2m−1∑
i=0

(−1)iAi

∣∣∣∣2 +

∣∣∣∣ 2m−1∑
i=0

(−1)iBi

∣∣∣∣2 +

∣∣∣∣ 2m−1∑
i=0

(−1)iCi

∣∣∣∣2. (3.2)

For a length 2n sequence X = (Xi), we have∣∣∣∣ 2n−1∑
i=0

(−1)iXi

∣∣∣∣2 =

2n−1∑
i=0

(−1)iXi

2n−1∑
j=0

(−1)jXj

=
2n−1∑
i=0

(−1)iXi

2n−1∑
u=0

(−1)i+uX(i+u) mod 2n

using the re-indexing j = (i+ u) mod 2n, so that

∣∣∣∣ 2n−1∑
i=0

(−1)iXi

∣∣∣∣2 =
2n−1∑
u=0

(−1)uRX (u).

It follows from (3.2) that

S =

2m−1∑
u=0

(−1)u
(
RA +RB +RC

)
(u)

=
(
RA +RB +RC

)
(0)
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because {A,B, C} is a periodic Golay triad. Since
(
RA + RB + RC

)
(0) = 6m and m ≡ 2

(mod 3), this implies that

S ≡ 3 (mod 9). (3.3)

Now for a 3-phase length 2n sequence X = (Xi), by taking Yi = X2i and Zi = X2i+1 in

Lemma 6 given below, we find that
∣∣∑2n−1

i=0 (−1)iXi

∣∣2 is an integer satisfying the congruence∣∣∣∣ 2n−1∑
i=0

(−1)iXi

∣∣∣∣2 ≡
{

0 (mod 9) if
∏n−1
i=0 X2i =

∏n−1
i=0 X2i+1,

3 (mod 9) otherwise.

The result then follows from (3.2) and (3.3).

Lemma 6. Let (Yi) and (Zi) be 3-phase length n sequences. Then
∣∣∑n−1

i=0 (Yi−Zi)
∣∣2 is an

integer satisfying the congruence∣∣∣∣ n−1∑
i=0

(Yi − Zi)
∣∣∣∣2 ≡

{
0 (mod 9) if

∏n−1
i=0 Yi =

∏n−1
i=0 Zi,

3 (mod 9) otherwise.

Proof. For j = 0, 1, 2, let the sequence (Yi) contain ωj exactly αj times and let the sequence
(Zi) contain ωj exactly βj times. Then

α0 + α1 + α2 = β0 + β1 + β2 = n, (3.4)

and

n−1∑
i=0

(Yi − Zi) = (α0 − β0) + ω(α1 − β1) + ω2(α2 − β2)

= a+ ωb,

using ω2 = −1 − ω and writing a = (α0 − α2) − (β0 − β2) and b = (α1 − α2) − (β1 − β2).
Therefore ∣∣∣∣ n−1∑

i=0

(Yi − Zi)
∣∣∣∣2 = a2 + b2 − ab,

which is an integer because a and b are integers. Since a + b ≡ 0 (mod 3) by (3.4), this
implies

∣∣∣∣ n−1∑
i=0

(Yi − Zi)
∣∣∣∣2 ≡ 3b2 (mod 9). (3.5)
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Now
∏n−1
i=0 Yi = 1α0ωα1(ω2)α2 = ωα1−α2 , and likewise

∏n−1
i=0 Zi = ωβ1−β2 , so that

n−1∏
i=0

Yi =
n−1∏
i=0

Zi if and only if b ≡ 0 (mod 3)

by the definition of b. Combination with (3.5) gives the required result.

Proof of Theorem 4. Suppose, for a contradiction, that {(Ai), (Bi), (Ci)} is a 3-phase length
2m Golay sequence triad, where m ≡ 2 (mod 3). Then by Proposition 3,

m−1∏
i=0

A2iB2iC2i =
m−1∏
i=0

A2i+1B2i+1C2i+1. (3.6)

But {(Ai), (Bi), (Ci)} is also a 3-phase length 2m periodic Golay sequence triad by (3.1),
so we obtain a contradiction to (3.6) from Proposition 5.

4 Golay array triads

In this section, we extend the definition of a Golay sequence triad to multiple dimensions,
and explore the relationship between multi-dimensional Golay array triads and Golay se-
quence triads.

We consider an s1 × · · · × sr array to be an r-dimensional matrix A = (Ai1,...,ir) of
complex-valued entries, indexed by integers i1, . . . , ir, for which

Ai1,...,ir = 0 if, for at least one k ∈ {1, . . . , r}, either ik < 0 or ik ≥ sk.

The aperiodic autocorrelation function of A is

CA(u1, . . . , ur) =
∑
i1,...,ir

Ai1,...,irAi1+u1,...,ir+ur for integers u1, . . . , ur.

This function satisfies

CA(−u1, . . . ,−ur) = CA(u1, . . . , ur) for all (u1, . . . , ur). (4.1)

The following definitions are each analogous to those for sequences: a 3-phase array; the
s1×· · ·×sr array (ai1,...,ir) over Z3 corresponding to a 3-phase s1×· · ·×sr array (Ai1,...,ir);
and the aperiodic autocorrelation function of (ai1,...,ir).

An unordered set of three 3-phase s1 × · · · × sr arrays {A,B, C} is a Golay array triad
if (

CA + CB + CC
)
(u1, . . . , ur) = 0 for all (u1, . . . , ur) 6= (0, . . . , 0),

and an array A is called a Golay array if it belongs to one or more 3-phase Golay array
triads.
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Example 7. The arrays

A = (ai,j) =

[
0 0 2
2 0 0

]
, B = (bi,j) =

[
0 2 2
1 2 1

]
, C = (ci,j) =

[
0 1 0
1 1 2

]
over Z3 satisfy

(
CA(u, v) | 0 ≤ u < 2,−3 < v < 3

)
=

[
−1 1 6 1 −1
1 −1 0 2 1

]
,

(
CB(u, v) | 0 ≤ u < 2,−3 < v < 3

)
=

[
−ω ω2 6 ω −ω2

ω −ω2 0 2ω ω2

]
,

(
CC(u, v) | 0 ≤ u < 2,−3 < v < 3

)
=

[
−ω2 ω 6 ω2 −ω
ω2 −ω 0 2ω2 ω

]
],

and therefore comprise a 2×3 Golay array triad over Z3. The 2×3 array (ai,j) can instead
by represented as the 3 × 2 array (a′i,j), where a′i,j = aj,i for all i, j. However, we do not
consider arrays obtained by reordering dimensions to be distinct: they are different formal
representations of the same object.

Since the arrays (xi1,...,ir) and (xi1,...,ir +1) over Z3 have identical aperiodic autocorrela-
tion function, an s1× · · · × sr Golay sequence triad {(ai1,...,ir), (bi1,...,ir), (ci1,...,ir)} over Z3

may be assumed to satisfy

(a0,...,0, b0,...,0, c0,...,0) = (0, 0, 0),

in which case we say it is in normalised form.
The following result is the multi-dimensional version of Lemma 2.

Lemma 8.

(i) (Linear Offsets). Suppose that {(ai1,...,ir), (bi1,...,ir), (ci1,...,ir)} is an s1×· · ·×sr Golay
array triad over Z3. Then{(
ai1,...,ir + e1i1 + · · ·+ erir

)
,
(
bi1,...,ir + e1i1 + · · ·+ erir

)
,
(
ci1,...,ir + e1i1 + · · ·+ erir

)}
is also an s1 × · · · × sr Golay array triad over Z3 for all e1, . . . , er ∈ Z3.

(ii) (Reversal). Suppose that {(ai1,...,ir), (bi1,...,ir), (ci1,...,ir)} is an s1×· · ·×sr Golay array
triad over Z3. Then for each k ∈ {1, . . . , r},

{(ai1,...,sk−1−ik,...,ir), (bi1,...,sk−1−ik,...,ir), (ci1,...,sk−1−ik,...,ir)}

is also an s1 × · · · × sr Golay array triad over Z3.
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(iii) (Reverse Conjugation). Let (xi1,...,ir) be an s1 × · · · × sr array over Z3. Then the
s1×· · ·×sr array (2xs1−1−i1,...,sr−1−ir) over Z3 has identical aperiodic autocorrelation
function to (xi1,...,ir).

The Golay array triads over Z3 obtained by applying one or more of the operations
described in Lemma 8, and then normalising, form an equivalence class whose size divides
3r · 2r · 23 = 2r+3 · 3r. We take the representative of the equivalence class to be its
lexicographically first member. For example, there are exactly three equivalence class of
2×7 Golay array triads over Z3, each of size 288, and their equivalence class representatives
are {[

0 0 0 1 0 2 2
0 0 2 0 1 1 0

]
,

[
0 2 0 1 2 0 0
0 2 2 2 0 2 1

]
,

[
0 1 0 2 1 1 1
0 1 2 2 2 0 2

]}
,

{[
0 0 0 1 0 2 2
2 0 2 1 0 0 0

]
,

[
0 0 2 0 1 1 0
2 0 1 1 1 2 1

]
,

[
0 0 1 0 2 0 1
2 0 0 2 2 1 2

]}
,

{[
0 0 0 1 0 2 2
2 2 0 2 1 2 0

]
,

[
0 1 1 1 1 0 2
1 1 2 0 1 2 1

]
,

[
0 1 0 0 2 2 0
1 1 1 0 2 1 2

]}
.

We now introduce an invertible mapping that reduces the number of dimensions of an
array by exactly one and that maps Golay array triads to Golay array triads. Our method
is modelled on that of [14] for 2-phase Golay array pairs, as subsequently used in [7] and [10]
for H-phase Golay array pairs where H is even. For an s1 × · · · × sr array A = (Ai1,...,ir)
(where r ≥ 2), the projection ψ1,2(A) is the s1s2 × s3 · · · × sr array (Bi,i3,...,ir) given by

Bi1+s1i2,i3,...,ir = Ai1,...,ir , where 0 ≤ i1 < s1.

The same definition of ψ1,2 holds for an array over Z3. For example, ψ1,2 maps the three
2 × 3 arrays over Z3 of Example 7 to the three length 6 sequences over Z3 of Example 1.
For distinct k, ` ∈ {1, . . . , r}, the array ψk,`(A) is defined similarly by replacing the array
argument i` by ik + ski` and removing the array argument ik. The mapping ψk,` replaces
the sk × s` “slice” of A formed from dimensions k and ` by the sequence obtained when
the elements of the slice are listed column by column.

The following lemma expresses the aperiodic autocorrelation function Cψ1,2(A) as the
sum of two terms involving CA (one or both of which might be trivially zero, according to
the values of the arguments). We use this to prove in Theorem 10 that the existence of
an r-dimensional Golay array triad implies the existence of an (r − 1)-dimensional Golay
array triad.

Lemma 9 ([14, Lemma 10]). Let A be a 3-phase s1 × · · · × sr array, where r ≥ 2. Then

Cψ1,2(A)(u1 + s1u2, u3, . . . , ur)

= CA(u1, . . . , ur) + CA(u1 − s1, u2 + 1, u3, . . . , ur) for 0 ≤ u1 < s1.
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Theorem 10 (Projection mapping). Suppose that {A,B, C} is a 3-phase s1×· · ·×sr Golay
array triad, where r ≥ 2. Then

{
ψ1,2(A), ψ1,2(B), ψ1,2(C)

}
is a 3-phase s1s2× s3× · · · × sr

Golay array triad.

Proof. Let u1, . . . , ur be integers, where 0 ≤ u1 < s1 and (u1, . . . , ur) 6= (0, . . . , 0). By
Lemma 9,(
Cψ1,2(A) + Cψ1,2(B) + Cψ1,2(C)

)
(u1 + s1u2, u3, . . . , ur)

=
(
CA + CB + CC

)
(u1, . . . , ur) +

(
CA + CB + CC

)
(u1 − s1, u2 + 1, u3, . . . , ur)

= 0

because {A,B, C} is a 3-phase s1×· · ·×sr Golay array triad. So
{
ψ1,2(A), ψ1,2(B), ψ1,2(C)

}
is a 3-phase s1s2 × s3 × · · · × sr Golay array triad.

The effect of the projection mapping ψ1,2 in Theorem 10 is to “join” dimension 1 of
a Golay array triad to dimension 2. Likewise, the projection mapping ψk,` for distinct
k, ` ∈ {1, . . . , r} joins dimension k of a Golay array triad to dimension `.

The following corollary arises from repeated application of Theorem 10.

Corollary 11. Suppose there exists a 3-phase s1 × · · · × sr Golay array triad. Then there
exists a 3-phase length

∏r
k=1 sk Golay sequence triad.

Combination of Theorem 4 and Corollary 11 gives the following nonexistence result.

Corollary 12. There is no 3-phase s1 × · · · × sr Golay array triad when
∏r
k=1 sk ≡ 4

(mod 6).

We use Theorem 10 to determine the equivalence classes of all 3-phase s1 × · · · × sr
Golay array triads for which

∏r
k=1 sk ≤ 24. For example, to determine the equivalence

classes of 2× 9 Golay array triads, let ψ1,2 be the projection mapping from 2× 9 arrays to
length 18 sequences. Apply the inverse mapping ψ−11,2 to each length 18 Golay sequence triad
equivalence class representative (as previously determined, and summarised in Table 1),
retaining those 2 × 9 triads having the Golay property. Collect the resulting Golay array
triads into equivalence classes and retain only the representative of each equivalence class.
To then determine the equivalence classes of 2×3×3 Golay triads, let ψ2,3 be the projection
mapping from 2 × 3 × 3 arrays to 2 × 9 arrays. Apply the inverse mapping ψ−12,3 to each
2 × 9 Golay array triad equivalence class representative and proceed similarly. (We can
alternatively determine the equivalence classes of 2×3×3 Golay array triads from the 3×6
Golay array triads, obtained in turn from the length 18 Golay sequence triads.) Likewise,
we determine from the length 20 Golay sequence triads that there are no 2 × 10 and no
4 × 5 Golay array triads, either of which implies by Theorem 10 that there are also none
of size 2× 2× 5.

Table 2 shows the resulting counts of equivalence classes of Golay array triads, nor-
malised Golay array triads, and Golay arrays. By Corollary 12, there are no s1 × · · · × sr
Golay array triads for which

∏r
k=1 sk ∈ {4, 10, 16, 22}.
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Array # equivalence classes # normalised # Golay
size size size size size size size size Total array arrays

24 48 72 96 144 288 576 triads

2× 3 1 1 2 72 162
2× 4 0 0 0
3× 3 1 7 3 11 648 1350
2× 6 0 0 0
3× 4 0 0 0
2× 7 3 3 864 1944
3× 5 18 45 63 5184 11664
3× 6 4 64 4 147 18 8 245 22464 49788
2× 9 18 45 18 18 99 12960 29160

2× 3× 3 2 9 4 15 5184 11664
2× 10 0 0 0
4× 5 0 0 0
3× 7 42 447 9 498 47520 101088

2× 12 0 0 0
3× 8 6 123 129 12096 27216
4× 6 0 0 0

Table 2: Counts of 3-phase s1 × · · · × sr Golay array triads, where
∏r
k=1 sk ≤ 24

5 Constructions of Golay array triads

In this section, we present two constructions for Golay array triads, and apply them to a
small set of seed Golay sequence and array triads to explain the existence of many of the
Golay triads counted in Tables 1 and 2.

The aperiodic cross-correlation function of s1 × · · · × sr arrays A = (Ai1,...,ir) and
B = (Bi1,...,ir) is

CA,B(u1, . . . , ur) =
∑
i1,...,ir

Ai1,...,irBi1+u1,...,ir+ur for integers u1, . . . , ur

(so that CA,A(u1, . . . , ur) = CA(u1, . . . , ur) for all (u1, . . . , ur)). Let A = (Ai1,...,ir), B =

(Bi1,...,ir), C = (Ci1,...,ir) be s1 × . . .× sr arrays. Write

AB
C

 for the 3× s1 × · · · × sr array

14



D = (Di,i1,...,ir) defined by

Di,i1,...,ir =


Ai1,...,ir for i = 0

Bi1,...,ir for i = 1

Ci1,...,ir for i = 2.

It follows directly from the definitions that

CD(0, u1, . . . , ur) =
(
CA + CB + CC

)
(u1, . . . , ur),

CD(1, u1, . . . , ur) =
(
CA,B + CB, C

)
(u1, . . . , ur),

CD(2, u1, . . . , ur) = CA, C(u1, . . . , ur).

 (5.1)

We now present our main construction method for Golay array triads.

Theorem 13 (Increase dimension). Suppose that {A,B, C} is a 3-phase s1×· · ·×sr Golay

array triad and let U =

AB
C

, V =

 AωB
ω2C

, W =

 Aω2B
ωC

. Then {U ,V,W} is a 3-phase

3× s1 × · · · × sr Golay array triad.

Proof. For all integers u1, . . . , ur, by (5.1) we have(
CU + CV + CW

)
(1, u1, . . . , ur)

=
(
CA,B + CB, C

)
(u1, . . . , ur) +

(
CA, ωB + CωB, ω2C

)
(u1, . . . , ur)+(

CA, ω2B + Cω2B, ωC
)
(u1, . . . , ur)

= (1 + ω2 + ω)CA,B(u1, . . . , ur) + (1 + ω2 + ω)CB, C(u1, . . . , ur)

= 0

and (
CU + CV + CW

)
(2, u1, . . . , ur) =

(
CA, C + CA, ω2C + CA, ωC

)
(u1, . . . , ur)

= (1 + ω + ω2)CA, C(u1, . . . , ur)

= 0.

Combining these results, we see that the condition(
CU + CV + CW

)
(u, u1, . . . , ur) = 0 for all integers u, u1, . . . , ur

holds for u ∈ {1, 2}, and therefore by (4.1) it also holds for u ∈ {−1,−2}. It remains to
consider the case u = 0.
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For all integers u1, . . . , ur for which (u1, . . . , ur) 6= (0, . . . , 0), by (5.1) we have(
CU + CV + CW

)
(0, u1, . . . , ur)

=
(
CA + CB + CC

)
(u1, . . . , ur) +

(
CA + CωB + Cω2C

)
(u1, . . . , ur)+(

CA + Cω2B + CωC
)
(u1, . . . , ur)

= 3
(
CA + CB + CC

)
(u1, . . . , ur)

= 0

because {A,B, C} is a Golay array triad. Therefore {U, V,W} is a 3-phase 3× s1× · · ·× sr
Golay array triad.

Theorem 13 is a simplification and reinterpretation of a construction given by Frank
[9, p. 644] for producing a length 3s Golay sequence triad over Z3 from a length s Golay
sequence triad over Z3. We can readily recover Frank’s result by applying Theorem 13 to
a length s Golay sequence triad, followed by projection of the resulting 3× s Golay array
triad to a length 3s Golay sequence triad using Theorem 10. This example illustrates
our contention that a higher-dimensional Golay array triad can be considered a more
fundamental object than its lower-dimensional projections. Indeed, we now explain many
of the entries of Tables 1 and 2 by systematically applying Theorem 13 (which introduces
exactly one new dimension) in conjunction with Theorem 10 (which removes exactly one
dimension), starting from a small set of seed Golay sequence and array triads.

Before applying Theorem 10 to a set of equivalence class representatives, we replace
each representative by its full equivalence class. We then apply the projection mappings
ψk,` and ψ`,k for all distinct {k, `} to each element of the class, retaining only the represen-
tative of each resulting equivalence class of Golay sequence or array triads. Before applying
Theorem 13 to a set of equivalence class representatives, we likewise replace each repre-
sentative by its full equivalence class, but then also remove the assumption of normalised
form and take all 3! orderings of the triad sequences (thereby multiplying each class size
by a factor of 33 · 3!). We then apply the construction of Theorem 13 to each element of
the expanded class, retaining only the representative of each resulting equivalence class of
Golay array triads.

Fig. 1 displays the result of applying these two constructions in conjunction. The seed
Golay sequence triads are the single equivalence class of length 1 and of length 2 (both of
which are trivial), all equivalence classes of length 5, 7 and 8, and one of the 10 equivalence
classes of length 6. The seed Golay array triads are nine of the 99 equivalence classes of
size 2× 9. Fig. 1 also shows the result of applying Theorem 14 below, which uses length s
Golay sequence triads having special cross-correlation properties to construct 2 × s and
3× s Golay array triads.
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Figure 1: Equivalence classes of 3-phase Golay triads whose existence is explained by the
constructions of Theorems 13 (increase dimension), 10 (projection mapping), and 14 (cross-
correlation). Input seed triads are in red with thick dashed lines, constructed triads are in
blue with thin dotted lines.
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Theorem 14 (Cross-correlation). Suppose that both {A1, B1, C1} and {A3, B3, C3} are
3-phase length s Golay sequence triads and that, for all integers u,(

CA1,A3 + CB1,B3 + CC1, C3
)
(u) = 0.

Then

{[
A1

A3

]
,

[
B1
B3

]
,

[
C1
C3

]}
is a 3-phase 2× s Golay array triad.

Suppose that {A2, B2, C2} is also a 3-phase length s Golay sequence triad and that, for
all integers u,(

CA1,A2 + CA2,A3 + CB1,B2 + CB2,B3 + CC1, C2 + CC2, C3
)
(u) = 0.

Then

{A1

A2

A3

 ,
B1B2
B3

 ,
C1C2
C3

} is a 3-phase 3× s Golay array triad.

Proof. We give the proof for the 3 × s array triad; the proof for the 2 × s array triad is

similar. Let U =

A1

A2

A3

 ,V =

B1B2
B3

 ,W =

C1C2
C3

 . For all integers u 6= 0, by (5.1) we have

(
CU + CV + CW

)
(0, u)

=
(
CA1 + CA2 + CA3

)
(u) +

(
CB1 + CB2 + CB3

)
(u) +

(
CC1 + CC2 + CC3

)
(u) = 0

because each of {A1, B1, C1}, {A2, B2, C2}, {A3, B3, C3} is a Golay sequence triad.
Furthermore, for all integers u we have(
CU + CV + CW

)
(1, u)

=
(
CA1,A2 + CA2,A3

)
(u) +

(
CB1,B2 + CB2,B3

)
(u) +

(
CC1, C2 + CC2, C3

)
(u) = 0

by assumption, and(
CU + CV + CW

)
(2, u) = CA1,A3(u) + CB1,B3(u) + CC1, C3(u) = 0

by assumption. It follows from (4.1) that {U ,V,W} is a 3-phase 3× sGolay array triad.

To construct 3× 7 and 2× 7 Golay array triads using Theorem 14, note that the three
(inequivalent) 3-phase length 7 Golay sequence triads

T1 = {U1,V1,W1} =
{[

1 1 ω 1 ω2 ω2 1
]
,
[
1 1 1 ω2 1 ω ω

]
,
[
1 1 ω2 1 ω 1 ω2

]}
,

T2 = {U2,V2,W2} =
{[

1 ω ω ω 1 ω ω2
]
,
[
1 ω 1 ω2 ω 1 1

]
,
[
1 ω ω2 ω2 ω2 ω2 ω

]}
,

T3 = {U3,V3,W3} =
{[

1 ω2 ω ω ω 1 ω
]
,
[
1 ω2 1 ω ω2 ω2 ω2

]
,
[
1 ω2 ω2 1 1 ω 1

]}
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satisfy, for all integers u, (
CU1,U2 + CV1,V2 + CW1,W2

)
(u) = 0,(

CU2,U3 + CV2,V3 + CW2,W3

)
(u) = 0,(

CU3,U1 + CV3,V1 + CW3,W1

)
(u) = 0.

We may therefore apply Theorem 14 to construct three 3-phase 2 × 7 Golay array triads
by taking

(
{A1,B1, C1}, {A3,B3, C3}

)
to be (T1, T2) or (T2, T3) or (T3, T1), and these three

constructed triads are inequivalent. Using the identity

CB,A(u) = CA,B(−u) for all u

for complex-valued sequences A,B of equal length, we may also apply Theorem 14 to con-
struct nine 3-phase 3×7 Golay array triads by taking

(
{A1,B1, C1}, {A2,B2, C2}, {A3,B3, C3}

)
to be (ωeT1, T2, T3) or (T2, T3, ωeT1) or (T3, ωeT1, T2) for each e ∈ Z3, and these nine con-
structed triads are inequivalent.

We see from Fig. 1 that, starting from a small set of seed Golay sequence and array
triads, we can use Theorems 10, 13, and 14 to explain the existence of all 2×3, 3×3, 2×7,
3×5, 3×6, 2×3×3, 3×7, and 3×8 Golay array triads, and all but nine of the 99 equivalence
classes of 2×9 Golay array triads. We can also explain a large proportion of the equivalence
classes of length 3, 6, 9, 14, 15, 18, 21, and 24 Golay sequence triads, including all but nine
of the 3945 equivalence classes of length 21 and all but five of the 1025 equivalence classes
of length 24. The counts of equivalence classes recorded in Tables 1 and 2 that are not
explained by these constructions are summarised in Table 3. The representative of some
of these unexplained equivalence classes is listed in the Appendix.

6 Open Questions

In this section, we pose some open questions motivated by our results. The counts shown
in Table 1, and the nonexistence result of Theorem 4, suggest a natural question:

Q1. Does there exist a 3-phase length s Golay sequence triad if and only if s 6≡ 4 (mod 6)?

The counts shown in Table 2 suggest a possible generalisation of Theorem 4 to each of the
dimensions of a Golay array triad:

Q2. Does the existence of a 3-phase s1 × · · · × sr Golay array triad imply that sk 6≡ 4
(mod 6) for each k?

The repetition of some of the counts shown in Table 2 suggests a possible connection:

Q3. Is there a convincing explanation for the total count of normalised array triads and
of Golay arrays being identical for 3-phase Golay triads of sizes 3× 5 and 2× 3× 3?
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The unexplained equivalence classes counted in Table 3 prompt the question:

Q4. Can new constructions be found to account for the equivalence classes of Golay
sequence and array triads marked as “some” or “none” in Table 3?

Sequence Total # # unexplained equivalence classes none/some/all
or array equivalence size size size size Total explained, or

size classes 1 24 48 288 seeds

2 1 1 1 trivial seed
5 3 3 3 seeds
7 17 8 9 17 seeds
8 4 1 3 4 seeds

11 64 14 50 64 none
12 7 7 7 none
13 64 16 48 64 none
17 25 10 15 25 none
19 17 6 11 17 none
20 10 10 10 none
23 2 2 2 none

3 2 0 all
6 10 1 1 some (*)
9 105 10 26 36 some

14 91 23 32 55 some
15 519 15 36 51 some
18 1485 28 5 33 some
21 3945 4 5 9 some
24 1025 4 1 5 some

2× 3 2 0 all
3× 3 11 0 all
2× 7 3 0 all
3× 5 63 0 all
3× 6 245 0 all
2× 9 99 9 9 some (*)

2× 3× 3 15 0 all
3× 7 498 0 all
3× 8 129 0 all

Table 3: Counts of 3-phase Golay sequence and array triads whose existence is not explained
by the constructions of Theorems 10, 13, 14. (*) indicates that the unexplained equivalence
class(es) are used as seeds for other sizes.
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Appendix: Unexplained Golay sequence and array triads

In this Appendix, we give the representative of those equivalence classes of Golay triads
that are not explained by the constructions of Section 5, for lengths 6, 21, and 24, and for
size 2× 9.

The single unexplained equivalence class of length 6 Golay sequence triads over Z3 has
representative{ [

0 0 0 1 1 0
]
,
[
0 2 0 2 2 1

]
,
[
0 1 2 2 0 2

] }
.

The nine unexplained equivalence classes of length 21 Golay sequence triads over Z3

have representatives{
[000012012221021212210] , [011200122121112120221] , [000021101021102000012]

}
,{

[000012210120010100210] , [000012210001201212121] , [000012210222122021002]
}
,{

[000122212210000110010] , [000121002010112021221] , [000120020110020202102]
}
,{

[001101021212120101100] , [001100020011211010221] , [002200010022122020112]
}
,{

[001102202020212201100] , [001122210020201211211] , [001001001010201110022]
}
,{

[001120012210202100210] , [000022220000201012121] , [002122120100120020002]
}
,{

[011110012220121122210] , [000212112010201002101] , [000121022022022220102]
}
,{

[011121121201002221210] , [000220112222102210201] , [001102000001201210102]
}
,{

[011122022122111021210] , [000111102212211212101] , [001100120012120100202]
}
.

The five unexplained equivalence classes of length 24 Golay sequence triads over Z3

have representatives{
[000010100112012002112100] , [001222010101111102100221] , [001100220110200202021212]

}
,{

[000011110101200220122210] , [000212010020122002101021] , [000112110212011110010102]
}
,{

[000100011012212110201210] , [000120002200201101022021] , [000222201121220201021102]
}
,{

[012022202000212221011210] , [000121101221020002022201] , [000020110012100121001102]
}
,{

[012122010210012010221210] , [000200022112002122220201] , [000100011221001211110102]
}
.

The nine unexplained equivalence classes of 2 × 9 Golay array triads over Z3 have
representatives{[

0 0 0 0 0 0 0 1 2
2 1 0 2 0 1 2 1 0

]
,

[
0 2 0 0 1 1 2 1 2
1 2 2 1 1 0 2 2 1

]
,

[
0 1 1 2 0 0 1 0 1
2 2 1 1 0 1 0 0 2

]}
,{[

0 0 0 0 0 1 2 2 2
2 1 0 2 0 2 1 2 0

]
,

[
0 1 1 2 1 1 2 1 2
1 1 0 0 1 0 2 2 1

]
,

[
0 1 0 0 2 1 1 0 0
1 1 2 1 2 0 1 1 2

]}
,
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{[
0 0 0 0 1 0 0 0 2
2 0 1 2 1 1 0 2 0

]
,

[
0 0 2 0 2 1 1 1 2
1 2 2 1 2 0 2 1 1

]
,

[
0 0 1 2 0 0 1 1 1
2 0 2 1 0 1 1 0 2

]}
,{[

0 0 0 0 1 0 2 2 2
0 1 2 0 0 1 2 1 0

]
,

[
0 2 0 0 1 0 0 1 1
1 1 0 1 0 0 2 2 1

]
,

[
0 1 1 2 1 0 0 1 1
0 2 0 2 0 1 0 0 2

]}
,{[

0 0 0 0 1 1 1 1 0
1 2 0 1 0 1 0 2 0

]
,

[
0 0 2 0 0 2 2 2 0
0 1 1 0 2 0 2 1 1

]
,

[
0 0 1 2 0 1 2 2 2
1 2 1 0 2 1 1 0 2

]}
,{[

0 0 0 0 1 2 0 1 1
1 0 2 1 1 1 0 2 0

]
,

[
0 0 2 0 2 2 0 1 0
2 1 2 2 2 0 2 1 1

]
,

[
0 0 1 2 0 2 1 2 0
1 0 0 0 0 1 1 0 2

]}
,{[

0 0 0 1 0 0 0 0 2
0 2 1 1 2 1 2 0 0

]
,

[
0 0 2 2 1 0 2 2 0
0 2 0 2 0 1 1 2 1

]
,

[
0 0 1 0 2 0 1 1 1
0 2 2 0 1 1 0 1 2

]}
,{[

0 0 0 1 0 1 0 2 0
1 2 0 2 2 1 2 0 0

]
,

[
0 0 2 2 1 1 2 1 1
1 2 2 0 0 1 1 2 1

]
,

[
0 0 1 0 2 1 1 0 2
1 2 1 1 1 1 0 1 2

]}
,{[

0 0 0 1 0 2 1 0 1
0 1 2 1 1 1 2 0 0

]
,

[
0 0 2 2 1 2 0 2 2
0 1 1 2 2 1 1 2 1

]
,

[
0 0 1 0 2 2 2 1 0
0 1 0 0 0 1 0 1 2

]}
.
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